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288 SOLUTIONS OF PEOBLEMS. 

MECHANICS. 

348. Proposed by ALTON L. miller, Ann Arbor, Michigan. 

If equilateral triangles be constructed on the sides of any triangle, their centers are the 
vertices of a. new equilateral triangle. Show that the center of gravity of this new equilateral 
triangle coincides with the center of gravity of the original triangle. 

349. Proposed by s. a. cokey, Albia, Iowa. 

A 9 pound weight is attached to a string which passes over a smooth fixed pulley. The other 
end of the string is fastened to and supports a smooth pulley Pi of weight 1 pound, over which 
passes a second string to one end of which is attached a 3 pound weight, and the other end of 
which is attached to and supports another smooth pulley Pi of weight 1 pound. Over the pulley 
P 2 passes a third string supporting weights, 2 pounds and 3£ pounds. 

If the system is acted on by gravity alone show that the accelerations of the 9 pound weight, 
3 i pound weight, and pulley Pt are 0, ig, and §g, respectively. 

Determine the motion of the weights when pulleys are not smooth, that is, when friction 
is present. 

NUMBER THEORY. 

266. Proposed by J. L. biley, Tahlequah, Oklahoma. 

In how many ways can a given number be polygonal? 

267. Proposed by C. C. YEN, Tangshan, North China. 

A number theory function 4>(n) is defined for every positive integer n, and for every such 
number n, it satisfies the relation <f>(di) + 4>{di) + • • • + <j>{d r ) = n. From this property 
alone show that 

**-•(>-*)('-*)-(>-*)■ 

where pi, pi, p>, •• •, pic are the different prime factors of n. 

SOLUTIONS OF PROBLEMS. 

ALGEBRA. 

471. Proposed by E. T. bell, University of Washington. 

n m 

If there is an infinite number of positive integers r for which the equation 2 di r = S 6/ 

holds, where the <u and 6< are given positive integers, prove that m = n, and that in some order 
the a,- are identical with the &,-. 

472. Proposed by E. T. bell, University of Washington. 

n tn 

If Oi and bi (i = 1, ■ • •, n; j = 1, • • •, m) denote positive integers, and if 2 a » r = 2 &j r 

i=i j=i 

for all odd positive integral values of r, prove that m = n, and that in some order the a< are 
identical with the bj. 

Solution by Elijah Swift, University of Vermont. 

As the proof which I shall give covers both these problems, I shall not treat them separately. 

Let ai be that a which is the largest of the a's and let there be k a's equal in value to aj. 
Similarly 61 is the largest 6, and there are V 6's of the same value. (These exist since there is 
only a finite number of the a's and of the b's.) Now it is a well-known theorem that 

Lim 2a<7&ar = 1. 

r=oo 

Since there is an infinite number of positive integers r for which the given equations hold, we 
can find an r as large as we please for which they hold. For such an r, Soj' = kof + Skai r and 



SOLUTIONS OF PROBLEMS. 289 

26,'' = k'bi' + S'k'bi", where 5 and «' can be made as small in absolute value as we please by 
taking r sufficiently large. Since the left-hand sides of these equations are equal, the right-hand 
sides must be equal also. Equating them we obtain 

k _ h r (1 + 8') _ 6,' 

V " ox' (1 + «) ~ o,' U + n >' 

where n is an infinitesimal. If, now, ai and 6i are not equal we can make the right-hand side as 
small (or as large) as we please by taking r sufficiently large. This is impossible for the ratio 
k -5- k' is a definite number. Consequently eti = &i, and k = k'. In each equation we may now 
subtract from each side the a's and 6's proven equal and proceed as before to prove the largest 
remaining a's and 6's to be equal in value and number. We may continue in this way until there 
are no a's (or 6's) left, when the 6's (a's) must also be exhausted. 

471 was also solved by C. F. Gummer and Frank Irwin. 

473. Proposed by J. I. ginsbubg, Student, Cooper Union, New York. 

Factor the expression x 30 + a? 6 + x 20 + x u + x 10 + x 6 + 1. 

Solution by Claribel Kendall, University of Colorado. 

Multiplying the given expression by x 5 — 1, we obtain a? 5 — 1. This may be factored in 
the following way: 
First, consider 

, . x 3B - 1 = (x 5 ) 7 - 1 = (x 8 - l)(x s » + a; 26 + x 20 + x 18 + x 10 + X s + 1) 

U; = (x - l)(x* + x> + a; 2 + x + l)(a?» + a; 26 + x 1 " + x" + x 10 + x 5 + 1). 

Next consider 

. . x 35 - 1 = (x 7 ) 5 - 1 = (x 7 - l)(x 28 + a; 21 + x" + x 7 + 1) 

( ' = (x - l)(x 6 + x 5 + x 4 + x s +x 2 + x + l)(x 28 + x 21 + x" + x 7 + 1). 

The factors of x 55 — 1 must be the same in both (1) and (2). x — 1 occurs in both. The prime 
factor x 6 + x li + x 4 -r-x s -t-x 2 -|-x + lin(2) must also be found in (1). It cannot be contained 
in the prime factor x i + x*+x i + x + l and hence must be found in the third factor. By 
division the factors of 

x 30 + x 26 + x !0 + x» + x 10 + x 6 + 1 
are found to be 

x« + x 6 + x' + x , + x 2 + x + l 
and 

x 24 - x 23 + x" - x 18 + x 17 - x 18 + x 14 - x 13 + x 12 - x u + x 10 - x 8 + x 7 - x« + x 6 - x + 1. 

Also variously solved by H. C. Feemster, Horace Olson, 0. S. Adams, 
W. F. Shelton, J. W. Baldwin, A. W. Smith, E. B. Escott, L. C. Mathewson, 
Paul Capron, E. J. Oglesbt, and the Proposer. 

geometry; 

493. Proposed by FLORENCE p. lewis, Goncher College, Baltimore, Md. 

Construct three circles each of which shall be tangent to the other two and to two sides of 
a given triangle. 

Note by J. L. Coolidge, Harvard University. 

It is always a pleasure to see this old friend. Few problems in elementary geometry have 
a longer or more distinguished pedigree. At least forty articles dealing with it were published 
in the nineteenth century and the twentieth is doing its share. 1 The history is briefly this. The 

1 Simon, Die Eniwickelung der Elementargeometrie im XIX Jahrhundert, Leipzig, 1906, pp. 

147ff. 



